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A NOTE ON HOMOGENEOUS FUNCTIONS AND
PARALLELOGRAM LAW
WENHAN WANG AND WEN WANG
Abstract. In this article, we investigate a new characterization of the par-
allelogram law in a normed linear space. We give equivalent conditions to
the parallelogram law, in terms of the homogeneous property of a continuous
positive definite function on the normed space.
Let K = R or C be the base field, and suppose X be a normed K-linear space,
with norm ‖·‖. A continuous function p : X → R is called positive definite if
p(x) ≥ 0 for all x ∈ X , and p(x) = 0 if and only if x = 0 ∈ X . Moreover,
p : X → R is called homogeneous, if for any λ ∈ K, p(λx) = |λ| p(x). We first
note the following lemma on the comparison of two positive definite homogeneous
continuous functions on X .
Lemma 1. Let p : X → R be a continuous homogeneous function on X. If p is
bounded, then p ≡ 0 on X.
Proof. Since p is bounded, we may assume that the |p(x)| ≤ M for all x ∈ X . It
then follows that for any x ∈ X and any ε > 0,
|p(x)| = ε ·
∣∣∣p(x
ε
)∣∣∣ ≤ ε ·M.
Since ε > 0 is arbitrary, it is necessary that |p(x)| = 0. Hence p(x) = 0. 
We then obtain immediately the following corollary on the comparison of two
homogeneous functions p1(x) and p2(x).
Corollary 2. Let p1 and p2 be two homogeneous functions on X, such that p1−p2
is bounded on X. Then p1 = p2.
Proof. Apply the above Lemma to p = p1 − p2. 
We then introduce and prove the main Theorem on characterization of the par-
allelogram law in terms of homogeneous functions. For any y ∈ X with ‖y‖ = 1,
we define a function
(1) py(x) :=
√
1
2
(
‖x+ y‖
2
+ ‖x− y‖
2
)
− 1.
Note that py : X → R is well-defined. To see this, note that
‖x+ y‖
2
+ ‖x− y‖
2
≥
1
2
(‖x+ y‖+ ‖x− y‖)
2
≥
1
2
‖2y‖
2
= 2,
1
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hence 1
2
(
‖x+ y‖
2
+ ‖x− y‖
2
)
− 1 ≥ 0, and py is well-defined from X to R. More-
over, following a closer look at the above arguments, we have
Proposition 3. For any y ∈ X, py is a continuous positive definite function.
Before we introduce the main Theorem, we shall compare py(x) with the norm
‖x‖.
Lemma 4. For any x ∈ X, with ‖x‖ ≥ 1, we have ‖x‖ − 1 ≤ py(x) ≤ ‖x‖+ 1.
Proof. To show that py(x) ≥ ‖x‖ − 1, note that
py(x) =
√
1
2
(
‖x+ y‖
2
+ ‖x− y‖
2
)
− 1
≥
√
1
4
(‖x+ y‖+ ‖x− y‖)
2
− 1
≥
√
1
4
‖2x‖
2
− 1
≥
√
‖x‖2 − 1
≥
√
‖x‖2 − 2 ‖x‖ + 1
= ‖x‖ − 1.
To prove the other inequality, note that
py(x) =
√
1
2
(
‖x+ y‖2 + ‖x− y‖2
)
− 1
≤
√
‖x‖
2
+ 2 ‖x‖ ‖y‖+ ‖y‖
2
− 1
=
√
‖x‖
2
+ 2 ‖x‖
<
√
‖x‖
2
+ 2 ‖x‖ + 1
= ‖x‖+ 1.

Now we may give the main Theorem, on the characterization of parallelogram
rule in terms of py(x), for all y ∈ X .
Theorem 5. Let X be a normed linear space, and for each y ∈ X, py(x) is defined
as above. Then the following statements are equivalent.
(i) For all y ∈ X, py is homogeneous.
(ii) For all y ∈ X, py(x) = ‖x‖.
(iii) ‖·‖ is induced from an inner product on X.
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Proof. (i)⇒(ii). Note that both py and the norm ‖·‖ are homogeneous functions on
X . The above lemma shows that py(x)−‖x‖is bounded on X . Hence py(x) = ‖x‖
for all x ∈ X .
(ii)⇒(iii). Note that py(x) = ‖x‖ gives that for any y ∈ X with ‖y‖ = 1, 2 ‖x‖
2
+
2 ‖y‖
2
= ‖x+ y‖
2
+ ‖x− y‖
2
. In general, if y 6= 0, then this also implies the
parallelogram law, by taking y˜ = y‖y‖ .
(iii)⇒(i). If ‖·‖ is induced from an inner product 〈·, ·〉 : X ×X → C, then we may
prove directly that py(x) = 〈x, x〉, which is thus homogeneous. 
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